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Hessenberg ( Hessenberg ), Hessenberg $QR$
(Schur ) .




1.2 ( Lanczos )
Lanczos (Two-Sided Lanczos Method), Lanczos (Lanczos Biorthogonalization)
, $A$ , $A$ $T$ ,
$A$ $A^{T}$ Krylov $U,$ $V$ : $V^{T}U=I,$ $AU=UT,$ $VA=T$V.
, , Lanczos , $T$ . 1,
Lanczos (Power Method) ,
. Lanczos ,
. , Amoldi [7] .
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1.3 ( )
( ) , Newton
, , .
( ) ( ) ( ) ,




$\rho$ , $x$ , $(A-\rho I)y=x$ (
), $y$ $x$
. $(Aarrow\rho I)^{-1}$ , $\rho$ .
$y$ Rayleigh $(y^{*}Ay)/(y^{*}y)$ .
1.5 (Rayleigh-Ritz )
$A$ $a$ , [14, 16, 20].
1 $)$ $\rho$ . $X$ .
2$)$ $X$ $(A-\rho I)^{-1}$ $Y$ .
3 $)$ $Y$ $Y^{*}Y=I$ , (Rayleigh ) $C\equiv Y^{*}AY$ .
4$)$ $C$ $W$ Jordan $J$ : $CW=WJ$.
5 $)$ $J$ $Z\equiv YW$ (Ritz ).
$Y$ Ritz $(3\sim 5)$ ”Rayleigh-Ritz procedure” .
, $Z$ Schur 4,5 :
4’ $)$ $C$ Unitary $U$ $T$ : $CU=UT$.
5’ $)$ $T$ $Z\equiv YU$ .
, $Z$ $X$ , 1,2 (II ),
I) $\rho$ , $X$ $(A-\rho I)^{-1}$ $Y$ .
II) $\rho$ $X$ Ritz , $(A-\rho I)^{-1}$ $Y$ .
, $Y$ Rayleigh-Ritz procedure 3,4,5 3,4’,5’ , Ritz Ritz $Z$
. .
, $\rho$ 1 , $\rho$
. $\rho$ ,
. Ritz (Rayleigh ) $\rho$ ,
2 , $\rho$ .
$\rho$ $LU$- , Hessenberg
, .









. , $S$ $S’$ .
$S$ $A$ . Rayleigh$\cdot$Ritz $S$ , $S$
$A$ . $S’$ , .
2.2 (Rayleigh-Ritz )
$Y$ $A$ , $A$ $Y=YC$ $C$ . $C$ $AY$
$Y$ . $Y$ $Y^{*}Y=I$
, $C=Y^{*}AY$ $C$ (Rayleigh ) . ( AY-YC , ( )
$Y$ )
$Y^{*}Y=I$ , $Y$ $A$ $AY=YC$ :
Jordan $C$ Jordan $J$ $CW=WJ$ , $Z\equiv YW$ $AZ=ZJ$
, $J$ $Z$ $A$ ( ) .
, Sdhur :
Schur $C$ $T$ $CU=UT$ , $Z\equiv YU$ $AZ=ZT$
, $T$ $Z$ $A$ Schur .
$C$ ( Jordan
), Jacobi [1] . $C$ ,
Householder Hessenberg , $QR$ . $C$
, Hous-eholder Hessenberg double QR .
2.3
$X$ , $X$ $Y$
, $X$ $(XrX=I)$ . , .
$Y$ ( )
, 1) $A$ , 2)
$X$ , . 1
. 2 , $X$
( $X$ ).
$Y$ (SVD) ( Householder-QR




, ( ) .
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, .
( ) $S’$ , .
$A$ , $\mathcal{F}$ $(\overline{\mathcal{F}}=\mathcal{F})$ , $X$
$Y=\mathcal{F}X$ . $X$ $Y$
$X$ . ,
. , , $A$ Rayleigh-Ritz




$N$ $A$ Jordam $J$ , $A$ $J$ $U$ $A$ $U=UJ$
. , $\rho$ $A$ $R(\rho)\equiv(A-\rho I)^{-1}$ $R(\rho)U=U(J-\rho I)^{-1}$
. $k$ $\rho_{l}$ $A$ $\mathcal{F}\equiv\sum_{\ell=1}^{k}\omega\ell R(\rho_{\ell})$ ,
$\mathcal{F}U=UF$ . , $F \equiv\sum_{\ell=1}^{k}\omega_{\ell}\cdot(J-\rho_{l}I)^{-1}$ , $\mathcal{F}$ $U$ . $U$
$u^{(\mu)},$ $\mu=1,2,$ $\ldots,$ $N$ $A$ $\mathcal{F}$ ( ) .
$A$ Jordan $J$ $\nu$ Jordan $J_{p_{\nu}}(\lambda_{\nu})$ ( $\lambda_{\nu}$ , $p_{\nu}$ )
, $(J-\rho I)^{-1}$ , $(J- \rho I)^{-1}=\bigoplus_{\nu}\{J_{p_{\nu}}(\lambda_{\nu}-\rho)\}^{-1}$
. Jordan $J_{p}(a)$ $p=1,2,3,4$ $b\equiv-a^{-1}$ .
$[a]^{arrow 1}=-[b],$ $\{\begin{array}{ll}a l0 a\end{array}\}=-\{\begin{array}{ll}b b^{2}0 b\end{array}\},$ $\{\begin{array}{lll}a l 00 a 10 0 a\end{array}\}=-\{\begin{array}{lll}b b^{2} b^{3}0 b b^{2}0 0 b\end{array}\},$ $\{\begin{array}{llll}a 1 0 00 a 1 00 0 a 10 0 0 a\end{array}\}$
$=-\{\begin{array}{llll}b b^{2} b^{3} b^{4}0 b b^{2} b^{S}0 0 b b^{2}0 0 0 b\end{array}\}\cdot F$ $J$ Jordan $J_{p}(\lambda)$ $F_{p}(\lambda)$ .
$F_{p}( \lambda)\equiv\sum_{\ell=1}^{k}\omega\ell$ . $\{J_{p}(\lambda-\rho_{\ell})\}^{-1}$ . $F_{p=1}( \lambda)=\sum_{\ell=1}^{k}\frac{l}{\lambda-\rho\ell}[1],$ $F_{p=2}( \lambda)=\sum_{\ell=1}\neq-\rho\ell-\{\begin{array}{ll}1 \frac{-1}{\lambda-\rho\ell}0 l\end{array}\}$
$F_{p=3}( \lambda)=\sum_{\ell=1\tilde{\lambda-\rho\ell}}^{k_{\omega}}[001$ $\frac{-1}{\lambda-\rho\ell,01}$ $\dagger_{\frac{\Gamma_{-\rho}^{1}\ell\gamma-1}{\lambda-\rho\ell 1}}]$ , . $f( \lambda)\equiv\sum_{\ell=1}^{k}\neq^{\omega}-$ , $f’(\lambda)=$
$\sum_{l=1\sigma_{-\rho_{l}}^{-}}^{k\omega}\dashv 1*\frac{f’’(\lambda)}{2!}=\sum_{\ell=1}^{k}\frac{\ell}{(\lambda-\rho\ell)^{S}},$ $\#_{3}^{\prime J;_{\lambda}}=\sum_{l=1}^{k}\frac{-\omega\ell}{(\lambda-\rho\ell)^{*}}$ . , $F_{p=1}(\lambda)=[f(\lambda)]F_{p=2}(\lambda)=$




, $A$ Jordan (Jordan
, ).
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$A$ $(\lambda^{(\mu)}, u^{(\mu)})$ . $k$ $\rho_{i}$ $A$ $R(\rho_{i})$
$\omega_{i}$
$\mathcal{F}\equiv\sum_{=1}^{\dot{k}}\omega_{i}R(\rho_{i})$ , $f( \lambda)\equiv\sum_{i=1}^{k}\omega_{i}/(\lambda-\rho_{i})$ ,
$\mathcal{F}u^{(\mu)}=u^{(\mu)}f(\lambda^{(\mu)})$ , $u^{(\mu)}$ $\mathcal{F}$ , $\mathcal{F}$ $f(\lambda^{(\mu)})$ .
3.3 $\mathcal{F}$ $f(\lambda)$
$\mathcal{F}$ , $f(\lambda)$ , $u^{(\mu)}$ $f(\lambda^{(\mu)})$ .
$f(\lambda)$ , $k$ $c_{k}$ $\varphi(\lambda)\equiv ck\prod_{1=1}^{k}(\lambda-\rho_{\{})$
, ($k’(<k)$ ). $f(\lambda)$ $arrow\infty$ 1
$f(\lambda)=O(\lambda^{-(k-k’)})$ . ($f(\lambda)$ $\ell(>0)$ $o(\lambda^{-(k-k’+\ell)})$ , .)
$f(\lambda)$ . , 1 ,
$f(\lambda)\equiv 1/\varphi(\lambda)$ . $1/ \varphi(z)=\sum_{i=1}^{k}\omega_{i}/(z-\rho_{i})$ , $\omega_{i}=1/\varphi_{k}’(\rho_{i})$ . $k$ $\{\rho_{\{\dot{f}}\}$
, $\mathcal{F}$ .
$\mathcal{D}$ .
$|f(\lambda)|$ $\mathcal{D}$ , .




(Chebyshev ) $\varphi(\lambda)=T_{k}(t)$ ( $k$ Chebyshev ) . $t$ $\lambda$ $\mathcal{I}=[\alpha_{\dagger}/?]$
$(2\lambda-\alpha-\beta)/(\beta-\alpha)$ ( $0$ , 1) . $\lambda\in \mathcal{I}$ $|f(\lambda)|\geq 1$
, $\lambda\not\in I$ $|t|\gg 1$ $|f(\lambda)|\approx 2^{-(k-1)}|t|^{-k}$ . $t\ell=\cos\theta\ell,$ $\ell=1,2,$
$\ldots,$
$k$ , 1,
$\theta_{\ell}=(2\ell-1)\pi/(2k)$ , $f(\lambda)=1/T_{k}(t)$ ( 1).
























$S$ . , , $\mathcal{D}$ $|f(\lambda)|$
( ) .






1( ) $\varphi(\lambda)\equiv 1+t^{k}$ ( $k$ ). [-1, 1] $1\leq\varphi(\lambda)\leq 2$
2 . 1 $k$ .
: $t_{l}=\cos\theta\ell+$ isin $\theta\ell,$ $\ell=1,2,$ $\ldots,$ $k$ . , $\theta\ell=(2\ell-1)\pi/k$ . 2,3 .
2: 1( ) $f(\lambda)$ ( , ).
$\overline{\underline{p\check{(\}}}}$
$0$





2 1 $0$ (2
$T$
20
3: 1( ) $1og_{10}|f(\lambda)|$ ( , ).
10 20
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2( Chebyshev ) $\varphi(\lambda)\equiv(T_{k}(t)+1+2\gamma)/(2\gamma)$ $(k$ , $\gamma>0)$ ,
[-1, 1] $1\leq\varphi(\lambda)\leq 1+\gamma^{-1}$ , $1+\gamma^{-1}$ .
$\gamma$ , $\gamma\approx 1$ .
. $t_{\ell}=\cosh\tau$ .coe $\theta_{\ell}+$ isinh $\tau\cdot\sin\theta_{\ell}$ . $\ell=1,2,$ $\ldots,$ $k$ .
, $\tau=(1/k)coeh^{-1}(1+2\gamma),$ $\theta\ell=(2\ell-1)\pi/k$ . $\gamma=1$ 4,5 .
4; 2( Chebyshev $(\gamma=1)$ ) $f(\lambda)$ ( , ).
$\underline{\overline{P\check{\emptyset}}}0.5$
$0$
21 $0$ 1 2
Tr
10 20
5: 2( Chebyshev $(\gamma=1)$ ) $\log_{10}|f(\lambda)|$ ( , ).
10 20
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$\rho_{i}$ , , .
$\mathcal{D}$ , $(\lambda$ $)|$ , $\mathcal{D}$ , $\mathcal{D}$
. ( ,
. )
$\rho_{i},$ $i=1,2,$ $\ldots$ , $k$ , , ,





$f(x) \equiv\sum_{i=1}^{k}\omega_{i}/(x-\rho_{1})$ , $f(x)$ ,
$f(x)=\psi(x)/\varphi(x)$ , $\varphi(x)\equiv\prod_{i=1}^{k}(x-\rho_{i})$ . $arrow\infty$
$\psi(x)$ , 1 $\omega$i $=$ l/$\varphi$ ’( $\rho$ . $\rho_{i}$ $\mathcal{G}$
, $\varphi(x)=\prod_{i\in Q}(x-\rho_{i})$ , $\omega\iota=1/\varphi’(\rho_{i})=1/\prod_{j\in Q-\{i\}}(\rho_{i}-\rho j)$ .
,
, $\mathcal{G}$ $\mathcal{E}$ , $\hat{f}(x)=\sum_{i\in Q-\epsilon^{\hat{\omega}}:}/(x-\rho_{i})$
, $\hat{f}(x)=1/\hat{\varphi}(x)$ , $\hat{\varphi}(x)=\prod_{i\in \mathcal{G}\sim \mathcal{E}}(x-\rho_{i})$ . $i\in \mathcal{G}-\mathcal{E}$





, 1 , $LU$- [6] $LU$-
.
$LU$- $N$ $A-\rho I$ :. $A$ Hessenberg , $LU$- $O(N^{2}),$ $LU$-
$O(N^{2})$ .. $A$ Frobenius , $LU$- $O(N),$ $LU$-
$O(N)$ .. $A$ , $LU$- $O(N)$ ,
$LU$- $O(N)$ .
( : $LU$- , )
$LU$- . , $A-\rho I$
$A$ , fill-in
,
. CG Krylov , ,
1 $f$ $N$ 1 $O(fN)$ $N$
, . $O(fN^{2})$ .




: Robenius Hessenberg nobenius ,
$LU$- $A-\rho I$ $LU$- $\cross$ .
( $A$ balancing ). $LU$- $4N-4$
141
.$\{\begin{array}{lllll}0 -a_{0}1 0 -a_{1} l . -a_{2} \ddots 0 | 1 -aN-1\end{array}\},$ $\{\begin{array}{lllll}\cross \cross \cross\cross \cross \ddots \cross \cross \ddots \cross \cross \ddots \cross | \cross \cross\end{array}\}$
: Hessenberg ,
LU$arrow$ , $A-\rho I$ $LU$- $\cross$ ( $A$ balancing
). , 1 , 2 . $LU$-
$5N-7$ .
$\{\begin{array}{llllll}0 l/2 \gamma_{0}1 0 1/2 \gamma_{1} 1/2 0 \ddots \gamma_{2} 1/2 \ddots l/2 \vdots \ddots 0 \vdots 1/2 \gamma_{N-1}\end{array}\},$ $\{\begin{array}{llllll}\cross \cross \cross \cross\cross \cross \cross \ddots \cross \cross \cross \ddots \cross \cross \cross \ddots \cross \vdots \ddots \cross \vdots \cross \cross\end{array}\}$
: $LU$- ( $A$ ). $LUx=b$ ($x$ $b$ ).
$|$ $Ii$.ssenberg LU- :1 :Ly. $b$ .
lA $–>$ LU, ( ). do $k\cdot 1$ . n-l
$|$ $rh\cdot 0$ $r_{FrobonlusJ}$ , $ip-$ipiv(k)
$|rh\cdot 1$ $=$ . $t-x(ip);z(ip)-x(k);z(k)$ t
do $k\cdot 1,$ $n-1$ $x(k*1)\cdot x(k+1)-A(k+1,k)*t$
$amx\cdot abs(A(k,k))$ ; $ip\cdot k$ enddo
if $($abs $(A(k*1.k))>anx)$ then 1 :U $X$ $y$ .
$amx\cdot ab\iota(A(k*l,k))_{j}$ $ip\cdot k*1$ do $k\cdot n$ . $1,$ $-1$
endif $t-x(k)/A(k,k);r(k)-t$
ipiv(k) $-$ ip if $(k\cdot-n)$ then
if (ip /$\cdot$ k) then do $i\cdot n-1.1$ . $-1$
do $j$ . $k$ , $\min$ $(k*1*rh$ . $n-1)$ (1) $\cdot x(i)-A(1,$ $n)*t$
$t\cdot A(k,j):A(k.j)\cdot A(lp.j):A(lp.j)\cdot t$ enddo
enddo else
$t\cdot A(k,n):A(k,n)-A(1_{P^{n)}:}A(lp.n)arrow$ do $i\cdot k-1$ . $\max(k-1-rh. 1)$ . $-1$
endi$f$ $x(i)-x(i)-A(i,k)*t$
A $(k*1,k)-A(k*1,k)/A(k,k)$ enddo
do $j\cdot k*1$ . $n\ln(k*1*rh. n-1)$ .ndif
A $(k*1.j)\cdot A(k*1.j)-A(k*1,k)*A(k.j)$ . ddo
enddo
A $(k*1,n)\cdot A(k*1 ,n)-A(k*l,k)*A(k,n)$
enddo
: $A_{i}$ $p$ $A_{n}=I_{p}$ . $P(x)\equiv A_{0}+A_{1}x+\cdots+$
$A_{n-1}x^{n-1}+I_{p}x^{n}$ . $\det P(x)=0$ , Robenius $n\cross p$ $C$ , $(C-\lambda I)$
, Frobenius LU-
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.$C=\{\begin{array}{llll}0 -A_{0}I_{p} \ddots | \ddots 0 -A_{n-2} I_{p} -A_{n-1}\end{array}\}$
5
200 $P(z)=z^{n}+c_{2}z^{2}+c_{1}z+c0=0$ . , $n=200,$ $c_{2}=-0.81078,$ $c_{1}=-9.0617301$ ,
$c0=10.53771414908$ . $P(z)$ obenius balancing .
Chebyshev , $k=30$ , $\gamma=1$ , $z=1$
[0.8, 1.2] . Hermite 20 ,
$10^{-6}$ . $Y=\mathcal{F}X$ 20 1
. $10^{-6}$ $Y$ $r’$ 6 , 6
Rayleigh-Ritz . Rayleigh 2 .
( ) 3 .
$Q$ Rayleigh , RES 2- .
(





, intel Core2Duo E66002.$4GHz4MB$ L2 CPU 1 IEEE $64bit$
, 6 106 , 6
2 22 $\overline{\neg\backslash }|)$ .
$\sigma 1=4.9E-01$ $\sigma 1.7E$
$1:Y$ $I$ -. 09 $\sigma 16=4.0E-09$
$\sigma a=2.8E-01$ $\sigma 7=3$.lE–07 $\sigma 12=6.4B-09$ $\sigma_{17}=3.2E-09$
$\sigma s=2.2E-03$ $\sigma s=2$ .OE -07 $\sigma 1S=5.8E-09$ $\sigma 1S=2.8E-09$
$\sigma 4=1.3E-03$ $\sigma 0=1.6E-08$ $\sigma 14=5.3E-09$ $\sigma 19=2.2E-09$
$\sigma_{5}=2.4E-05$ $\sigma 10=1$ .OE -08 $\sigma_{15}=4$.lE–09 $\sigma_{2}0=l.5E-09$
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